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Abstract Optimization is often difficult to apply to

robots due to the presence of errors in model parame-

ters, which can cause constraints to be violated during

execution on the robot. This paper presents a method

to optimize trajectories with large modeling errors us-

ing a combination of robust optimization and param-

eter learning. In particular it considers the context of

contact modeling, which is highly susceptible to errors

due to uncertain friction estimates, contact point es-

timates, and sensitivity to noise in actuator effort. A

robust time-scaling method is presented that computes

a dynamically-feasible, minimum-cost trajectory along

a fixed path under frictional contact. The robust op-

timization model accepts confidence intervals on un-

certain parameters, and uses a convex parameteriza-

tion that computes dynamically-feasible motions in sec-

onds. Optimization is combined with an iterative learn-

ing method that uses feedback from execution to learn

confidence bounds on modeling parameters. It is appli-

cable to general problems with multiple uncertain pa-

rameters that satisfy a monotonicity condition that re-

quires parameters to have conservative and optimistic

settings. The method is applied to manipulator per-

forming a “waiter” task, on which an object is moved

on a carried tray as quickly as possible, and to a simu-

lated humanoid locomotion task. Experiments demon-
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Fig. 1: Left: The waiter task for a single block. Right:

the task for a stack of two blocks.

strate this method can compensate for large modeling

errors within a handful of iterations.

1 Introduction

Optimization is difficult to apply to physical robots

because there is a fundamental tradeoff between op-

timality and robustness. Optimal trajectories pass pre-

cisely at the boundary of feasibility, so errors in the

system model or disturbances in execution will usually

cause feasibility violations. For example, optimal mo-

tions in the presence of obstacles will cause the robot

to graze an object’s surface. It is usually impractical

to obtain extremely precise models. This is particularly

true regarding dynamic effects, such as inertia matri-

ces and hysteresis, and contact estimation, including

points, normals, and friction coefficients. In legged loco-

motion, such errors may cause a catastrophic fall, and in

nonprehensile manipulation, such errors may cause the

object to slip, tip, or fall. Moreover, accurate execution

of trajectories is becoming more difficult as robotics

progressively adopts compliant, human-safe actuators

that are less precise than the highly-geared motors of

traditional industrial robots. A final source of error is

numerical error in optimization algorithms, such as the

resolution of constraint checks along a trajectory using

point-wise collocation. One way to increase robustness

is to add a margin of error to optimization constraints,

e.g., by assuming very small frictions, conservative ve-

locity bounds, or collision avoidance margins. However,

this approach leads to unnecessarily slow executions

and/or difficulties in margin tuning.

This paper presents an iterative learning approach

in which a robot 1) learns the errors in its models

given execution feedback, 2) incorporates estimated er-

rors into optimization, and 3) repeats the process un-

til it converges to successful and/or near-optimal exe-

cutions. Specifically, it addresses tasks under frictional

contact with significant friction uncertainty and execu-

tion errors, such as legged locomotion and object ma-

nipulation tasks, and its main contributions lie in a ro-

bust trajectory optimization module and an execution
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feedback module. The robust optimization accepts con-

fidence intervals on the uncertain parameters and com-

putes a dynamically-feasible time-parameterized trajec-

tory along a fixed geometric path with contact con-

straints. The iterative learning step uses observations

from execution to adjust uncertainty intervals to achieve

robust, successful trajectories.

Our contributions help the learning process proceed

at interactive rates. Although trajectory optimization

is widely used in robotic motion planning and optimal

control, optimization under frictional contact remains

challenging. For tractability of computation we consider

optimizing only velocity along a fixed path given dy-

namic constraints (the time-scaling problem). This pa-

per formulates a new fast time-scaling method for gen-

erating an optimal, robust, dynamically feasible time-

parameterized trajectory along a fixed geometric path

for a robot in frictional contact. We formulate the con-

tact constraints on the system as a linear program that

is solved at each constraint evaluation point of the time-

scaling optimization. This transforms the optimization

problem into a two level hierarchical optimization with

the confidence intervals on uncertain parameters work-

ing as margins in both levels. The decomposed opti-

mization runs much faster (in seconds) than the mono-

lithic large optimization (in minutes).

We test our methods on a manipulator performing

a “waiter” task (Fig. 1). Imagining a robotic waiter

serving customers, objects are placed on a tray carried

by the robot and the goal is to move the objects as

quickly as possible without causing them tipping over.

Modeling and execution uncertainties are inevitable.

For irregular-shaped objects and objects made from un-

known materials, it is difficult to have the precise values

on the contact friction and COM of the objects. More-

over, there could be large disturbances acting on the

tray in a dynamic environment similar to a busy restau-

rant. Using the proposed framework, the robot would

“practice” a handful of times to learn estimates of pa-

rameter and execution uncertainty, and then maintain

those estimates to optimize trajectories robustly in the

future.

We handle two types of uncertainties: (i) parame-

ter estimation errors for parameters of constant value

over time, such as coefficient of friction (COF), hard-

ware calibration, contact point position, center of mass

(COM) of a manipulated object, and (ii) execution er-

rors from control and disturbances. These are handled

via two types of execution feedback:

1. Binary execution feedback (success or failure) is used

to estimate unobservable parameters of the dynamic

model. Our method accepts estimated ranges of the

chosen parameter, and then uses a bisection search

method to determine whether we have over- or under-

estimated its value, converging to a value that leads

to a feasible execution within ε of optimal. For mul-

tiple parameters, we use a branch-and-bound search

method to explore the multi-dimensional parameter

error space.

2. Joint sensor feedback on the executed trajectory lets

us estimate execution errors (e.g., random distur-

bances). We construct confidence intervals on the

deviation between executed and planned trajectory

as margins into optimization.

Our method can consider both types of error either in-

dividually or simultaneously. In its current implementa-

tion our method assumes that the position and velocity

error are small, and we focus on second-order uncer-

tainties that are the most relevant to problems with

contact.

Experiments evaluate the proposed method on a

block manipulation task in simulation and on hardware

with a Stäubli TX90L industrial manipulator (Fig.1).

Experiments also test the proposed multi-parameter

branch-and-bound method with a simulated Hubo+ hu-

manoid robot performing a legged movement. Results

demonstrate our robust trajectory optimization can gen-

erate dynamically-feasible trajectories within 10 sec-

onds on a standard PC, and the iterative learning ap-

proach is able to produce robust task executions within

a handful of iterations.

2 Related Work

The problem of generating time-optimal, dynamically-

feasible trajectory of a given path without considering

contact was initially solved by Bobrow et al [4] and Shin

and McKay [31] and later enhanced by [7, 8, 22, 32]. As

this earlier work used numerical integration, it tended

to suffer from numerical errors [17]. Improvements in

robustness and scalability [14, 20] have emerged us-

ing a convex optimization formulation of the time scal-

ing problems introduced in [33]. Recent work has ex-

tended the time-scaling problem to handle frictional

contact [16]. We further extend the time-scaling con-

cept to incorporate robustness margins in friction pa-

rameters and execution disturbances.

Although the problem of time-optimal path param-

eterization is well-studied for robots operating in free-

space [3, 34], this problem has not been widely consid-

ered for robots that make or break contact. Several au-

thors have considered optimizing both joint trajectories

and timing for legged robots [9, 12, 28, 29]. A trajec-

tory optimization method in Cartesian space for solv-

ing humanoid motions is presented in [12] and is suit-
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able for generating motion primitives. In [9], a contact-

before-motion planner, which grows a search tree using

a rough trajectory, is proposed. [28, 29] present a direct

trajectory optimization method which formulates the

reaction forces as optimization parameters. But due to

the size of the optimization problem, these techniques

are often extremely slow, taking minutes or hours to

complete. Some numerical approaches have been pre-

sented for dexterous manipulation [21, 25] as well as

non-prehensile grasp [19, 24, 27], but extending them

to high dimensional problems has proven computation-

ally challenging.

Recent work [16] considers contact forces in opti-

mization and presented a fast convex time-scaling method

with polytope projection techniques to precompute dy-

namic feasible sets. Similar to [16], our work avoids

the computation of exact contact forces to speed up

the optimization. But we use a different formulation

on the contact constraints through a transformation

into smooth linear programs at constraint evaluation

points, which allows us to consider robustness to exe-

cution errors without severely increasing running time.

We also illustrate how to incorporate the coupled dy-

namic constraints between manipulated objects as well

as the robot.

Robotic applications cannot escape the uncertain-

ties of imperfect system modeling, robot control, and

execution disturbances. Many learning methods have

been proposed to handle uncertainties of different types:

learning from demonstration [1] for computing a task-

specific policy, model learning with machine learning

techniques [26] and control learning [5, 30]. In this work,

we utilize ideas from previous work and use an itera-

tive learning approach based on a binary search method

and a robust trajectory optimization to learn the un-

certainties from modeling and execution. The robust

optimization models acceleration errors as range esti-

mation (similar to [2]) and optimizes a nonlinear prob-

lem to generate a trajectory that is robust up to a given

confidence value. Perhaps the most similar approach to

ours is the method of Lengagne et al (2011) that replans

an optimized path using constraints revised from execu-

tion data [18]. Our approach iterates more than once to

achieve a desired level of convergence, and learns from

multiple sources of error.

Portions of this work were presented in the confer-

ence paper [23]. The novel contributions of this paper

include the multi-parameter learning method and loco-

motion experiments presented in Section 7.

3 Problem Formulation

The goal of our method is to generate a robust, dynami-

cally feasible, and near-optimal trajectory for a robot

manipulating an object under frictional contact and im-

perfect knowledge about the system model and random

execution errors. The robot is allowed to execute trajec-

tories repeatedly to improve its estimates. However, its

feedback will only consist of the executed joint trajecto-

ries and success/failure of the manipulation; no exter-

nal observations like object motion capture or pressure

sensors are available.

In the time-scaling problem, we assume that a geo-

metric path (without timing information) is given. This

is indeed a limitation of our method. In future exten-

sions, we would like to consider optimizing the shape of

the path. Also, we consider three types of errors in our

experiments: modeling errors in the coefficient of fric-

tion, modeling errors in contact locations, and random

disturbances in the motion execution. Our work may

be applicable to other sources of error, but this must

be examined on a case-by-case basis.

3.1 Summary of method

The method operates as follows:

1. The robot is given a geometric path, robot-object

contact points, and initial confidence intervals of the

uncertainty in modeling parameters and execution

errors. (These estimated ranges may be pessimistic

or optimistic; the robot will adapt them later via

execution feedback.)

2. Robust time-scaling optimization is applied to gen-

erate a trajectory that is feasible under the given

confidence intervals.

3. The optimized path is executed. Success / failure

and sensing feedback are used to improve the confi-

dence intervals.

4. Steps 2 and 3 are iterated until success and/or a

desired level of convergence is achieved.

3.2 Robot Motion Constraints

Given a twice-differentiable geometric path q(s) : s ∈
[0, 1] 7→ Rn for a robot of n degrees of freedom (DOFs),

we wish to find a time parameterization s(t) : t ∈
[0, tf ] 7→ [0, 1] and a final time tf such that an objec-

tive function fobj is minimized and a set of constraints

is satisfied.

The objective function fobj considered here is the

minimum execution time, but could also include other

terms such as minimum jerk or energy. The constraints
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of our problem include velocity, acceleration and torque

limits given by

q̇min ≤ q̇ ≤ q̇max (1)

q̈min ≤ q̈ ≤ q̈max (2)

τmin ≤ τ ≤ τmax. (3)

Also, for safety reasons we usually require the robot

starts and ends at a stop, which is enforced using con-

straints

q̇(0) = 0, q̇(1) = 0. (4)

We are interested in obtaining dynamically-feasible

motion with robot in contact. In addition to the geo-

metric path q(s), we assume the input also contains the

following information:

1. If there exist Np > 1 contact phases, the domain of

q is divided into sections sp0 = 0, sp1, ..., spNp
=

1 in which contacts are constant over the range

{q(u) | spi < u < spi+1}.
2. The set Fi of contact points and normals in each

phase i = 1, . . . , Np.

For simplicity, we describe our formulation and meth-

ods in the simplest case, which only has one contact

phase. Extensions to handle multiple contact phases are

presented in Section 4.5.

Contact enforces two additional constraints: contact

forces are limited within friction cones, and maintain-

ing the contact states requires the contact points have

zero velocity in world space. Let f1, ..., fm be the con-

tact forces at points p1, ..., pm respectively. The system

dynamics is given by

M(q)q̈ + C(q, q̇) +G(q) = τ +
∑
i

Ji(q)
T fi (5)

where M is the mass matrix, C is the centrifugal and

Coriolis forces which are quadratic in the joint veloc-

ities, G is the generalized gravity vector, and Ji(q) is

the Jacobian of point pi with respect to robot’s config-

uration q. We assume that the initial path is chosen to

respect the condition that fixed contact positions have

zero velocity in world space: Ji(q)
dq
ds = 0. Also, we con-

sider the friction constraints fi ∈ FCi for i = 1, . . . ,m,

where FCi is the friction cone at contact position pi. For

the purposes of this paper, we assume all friction cones

are convex and we approximate the nonlinear cones by

a set of linear constraints expressed as

Aifi ≤ 0 for i = 1, ...,m. (6)

Since each friction cone is dependent on a coefficient

of friction estimate µi we may write the dependence

explicitly as FCi ≡ FCi(µi) and Ai ≡ Ai(µi).

3.3 Extra Constraints for the Object Manipulation

Task

For the “waiter” task, to move the objects together with

the robot, we must ensure the linear acceleration αL
and angular acceleration αA of the object can be sup-

ported by the contact forces and gravity, therefore the

Newton-Euler equations impose the following two dy-

namic constraints on the system:

mobjαL =
∑
i

fi +mobjg

IobjαA =
∑
i

(pi − c)× fi
(7)

where mobj and Iobj are the mass and inertia matrix

of the block respectively, pi is the contact point, and

c is the center of mass (all quantities given in world

coordinates). Given the configuration, velocity and ac-

celeration of the robot, the accelerations of the object

can be computed through the Jacobian and Hessian of

the object’s pose in the robot frame as follows:(
αL
αA

)
= J(q)q̈ + q̇TH(q)q̇. (8)

4 Robust Time-Scaling with Friction

This section presents a robust time-scaling optimization

method for the dynamic equations presented above.

Computation speed is improved by transforming the

constraints on the system dynamics and contact forces

into a linear program so that the outer optimization

problem size is reduced to be independent of the num-

ber of contact points. Robustness against execution er-
rors is achieved by optimizing over a confidence interval

that estimates the noise on the execution acceleration.

4.1 Robust Motion Constraints with Confidence

Intervals

Errors introduce nontrivial changes in the way dynamic

constraints are evaluated; for example in the “waiter”

task, the executed acceleration of the object, rather than

the planned acceleration, determines whether the con-

tact forces are sufficient to move the blocks without tip-

ping over. Moreover, the robot’s velocity and accelera-

tion determines the object’s acceleration in a nontrivial

manner.

Errors on the robot’s execution velocity and acceler-

ation can be modeled as joint-wise confidence intervals

q̇− q̇plan ∈ [q̇low, q̇upp] and q̈− q̈plan ∈ [q̈low, q̈upp] where

q̇plan is the planned velocity and q̈plan is the planned ac-

celeration. For simplicity, our method ignores the errors
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Fig. 2: Velocity ṡ of the time scaling.

in q̇ because the errors are usually two orders of magni-

tude smaller than acceleration errors in the industrial

and humanoid robots that we evaluate.

As described in later sections, we will estimate joint-

wise execution errors as q̈exc = q̈plan + e where e is

subject to Gaussian distribution N(U,∆2) to account

for the uncertainties from execution and unknown dis-

turbances. We convert the distribution to a confidence

interval [q̈low, q̈upp] as follows:

q̈upp = U +K ·∆, q̈low = U −K ·∆ (9)

where K controls the confidence ratio on uncertainties.

When we apply the confidence interval to the dy-

namic constraints, we wish to ensure that all constraints

related to q̈ in (2), (5) and (8) are satisfied with respect

to the execution accelerations. As a result, this imposes

additional upper and lower constraints on the planned

accelerations.

For confidence intervals on the friction coefficient

[µlow, µupp], it is clear that we only need to formulate

the lower end of the confidence interval µlow because

any solution for the lower friction case is also a solution
for the higher friction case.

4.2 Time-Scaling Function

The proposed time scaling method is a robust version

of the method of [16]. The constraints on the veloc-

ity and acceleration require the time-scaling function

s(t) to be at least twice differentiable. So we define the

velocity of the path s(t) as a piecewise linear interpo-

lation between Ṡ = {ṡ0, ..., ˙sN} (see Fig. 2) and then

s(t) becomes a piecewise quadratic curve consisting of

N segments si(t), i = 1, ..., N with constant accelera-

tion in each segment. We also assume each segment to

have a uniform duration ∆s to simplify the computa-

tion. Therefore, the objective function of minimizing

execution time is

fobj(Ṡ) =

N∑
i=0

∆s

ṡi + ˙si+1
. (10)

Using interval arithmetic notation, we can express

the executed derivatives as follows:

q̇(s, ṡ) ∈ dq

ds
ṡ+ [q̇low, q̇upp] (11)

q̈(ṡ, s̈) ∈ d2q

ds2
ṡ2 +

dq

ds
s̈+ [q̈low, q̈upp]. (12)

Since we assume negligible velocity error, the system

dynamics (5) can be represented in terms of ṡ, s̈ as

follows:

a(s)s̈+b(s)ṡ2+c(s) = τ+
∑
i

Ji(q)
T fi−M(q)[q̈low, q̈upp]

(13)

where a(s) = M(q)dqds , b(s) = M(q)d
2q
ds2 + C(q, dqds ) and

c(s) = G(q). The last term on the right hand side in-

volves a product of a matrix and a vector interval, and

is computed using interval arithmetic.

The optimization can now be performed over a time

parameterization s(t), with constraints (1 - 3) and (7)

enforced at discretized values s1, ..., sN along the s coor-

dinate. Note that significant speed gains can be achieved

by computing the coefficients dq
ds (s), d2q

ds2 (s), a(s), b(s),

c(s) only once for all discretized values of s.

4.3 Hierarchical Optimization

We discretize constraints along the optimized trajectory

by enforcing them at N collocation points ([13]). To

solve this problem, a näıve method is to parameterize

both the robot trajectory expressed in terms of ṡ, s̈ as

in (11 - 12) and the vector of contact forces f along

the motion, and then solve the following optimization

problem:

min
Ṡ,f1,...,fm

fobj(Ṡ)

s.t. at all s = sk, for k=1, . . . , N

dq

ds
ṡ ∈ [q̇min, q̇max]

d2q

ds2
ṡ2 +

dq

ds
s̈+ [q̈low, q̈upp] ∈ [q̈min, q̈max]

a(s)s̈+ b(s)ṡ2 + c(s) +M(q)[q̈low, q̈upp]

−
m∑
i

Ji(q)
T fk,i ∈ [τmin, τmax]

mobjαL(ṡ, s̈) =

m∑
i

fk,i +mobjg

IobjαA(ṡ, s̈) =

m∑
i

(pi − c)× fi,j

Aifk,i ≤ 0 for i = 1, ...,m

(14)
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where we express αL and αA as functions of ṡ and s̈ via

replacing (11) and (12) into (8).

In this formulation, each fk is the stacked vector of

contact forces fk,1, . . . , fk,m at collocation point k, con-

taining 3m entries in total. As a result, this näıve formu-

lation has (1 + 3m)N parameters and 3nN constraints.

This could be extremely expensive at high values of m

and N .

We present an alternate hierarchical method that

decomposes this large problem into an inner problem

embedded into an outer problem, both of which are

simpler than the formulation above. It uses the fact that

for each value of s along the motion, contact forces may

be chosen independently of one another. So, at each

constraint evaluation point, a solution to (3), (6), (13)

and (7) can be solved independently via a relatively

small linear program to verify whether the given values

of ṡ and s̈ are valid:

Given ṡ and s̈, find f = (f1, ..., fm) such that∑
i

Ji(q)
T fi ≤ (a(s)s̈+ b(s)ṡ2 + c(s)) + elow − τmin

−
∑
i

Ji(q)
T fi ≤ τmax − (a(s)s̈+ b(s)ṡ2 + c(s))− eupp

mobjαL(ṡ, s̈) =

m∑
i

fi +mobjg

IobjαA(ṡ, s̈) =

m∑
i

(pi − c)× fi

Aifi ≤ 0 for i = 1, ...,m

(15)

where [elow, eupp] is the interval resulting from the prod-

uct M(q)[q̈low, q̈upp].

The outer optimization problem becomes

Find Ṡ∗ = argmin
Ṡ

fobj(Ṡ) such that

for k = 1, ..., N

q̇min ≤ (11) ≤ q̇max
q̈min ≤ (12) ≤ q̈max
(15) is satisfied.

(16)

This approach reduces the number of outer opti-

mization variables to N and each iteration of the outer

optimization requires solving N independent inner LPs

(15). Each LP requires solving for relatively few vari-

ables (3m) and can be solved quickly. Overall, the hi-

erarchical optimization is much faster than the näıve

method, even for large number of contact points.

But this approach has a problem that, as formu-

lated, the LP constraint is a black box binary test,

which cannot be handled easily in numerical optimiza-

tion routines that require the constraints to be differ-

entiable with respect to Ṡ. We use a formulation for

turning this constraint into a piecewise linear, numeri-

cal form.

Let us rewrite (15) in a standard LP form as follows:

Given ṡ and s̈, find f = (f1, ..., fm) such that

Wf ≤ z(ṡ, s̈)
(17)

whereW includes the linearized friction cone constraints

Ai and the Jacobian Ji(q)
T which transforms the con-

tact force into joint torques. z(ṡ, s̈) corresponds to the

RHS of the inequalities in (15). By introducing an aux-

iliary variable v, we can transform this into a minimiza-

tion problem whose solution is negative if and only if

there is a solution to (15). We define the optimization

variable x = (f1, ..., fm, v)T and formulate the objec-

tive function as Cx where C = (0, ..., 0, 1). The linear

program becomes

Solve v∗(ṡ, s̈) = min
x
Cx such that

Wf − z(ṡ, s̈) ≤ v
−
1

(18)

where
−
1 is the vector of all 1s. The optimal value can be

determined using a standard LP algorithm. We now re-

place the constraint at the outer level optimization with

the continuous, piecewise-linear constraint v∗(ṡ, s̈) ≤ 0.

We can determine the subderivatives ∂v∗

∂ṡ and ∂v∗

∂s̈ ana-

lytically through Karush Kuhn Tucker (KKT) multipli-

ers of the LP (see Appendix). This calculation assumes

a unique active set at the optimum, which holds almost

everywhere. Using this formulation we are able to solve

the outer optimization using standard nonlinear pro-

gramming (NLP) techniques like sequential quadratic

programming (SQP).

4.4 Initial Guess

Although it has been proven that the minimum-time

time-scaling problem as formulated is convex [33, 16], it

is useful to obtain a good initial solution to speed up the

outer optimization. To do so we maximize the velocities

Ṡ of the time scaling function pointwise, so we compute

the maximum possible ṡ0 as our initial guess according

to the constraint q̇min ≤ q̇ = dq
ds ṡ ≤ q̇max. Since the

bounds (dqds )min and (dqds )max can be computed explic-

itly from the input path, we get [(dqds )min, (
dq
ds )max]ṡ ∈

[q̇min, q̇max], then ṡ0 can be approximated as

ṡ0 = min(min
i

(∣∣∣∣∣ qimax

(dq
i

ds )max

∣∣∣∣∣
)
,min

i

(∣∣∣∣∣ qimin

(dq
i

ds )min

∣∣∣∣∣
)

) (19)
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where i = 1, ..., n iterates through each joint of the

robot.

4.5 Multiple Contact Phases

In the presentation above, we assumed only one con-

tact phase (no contacts are made or broken). But our

method can handle situations with Np > 1 contact

phases with a small modification. Each contact phase is

distinguished by the set of contact points Fp and fric-

tion coefficients, leading to different constraints of (13)

and (6). We model the time-scaling as an optimization

over k piecewise quadratic function as in section 4, so

the objective function in (16) becomes

fobj(Ṡ) =

Np∑
p=1

k∑
i=0

∆sp
ṡp,i + ṡp,i+1

(20)

where ∆sp is the uniform interval in pth contact phase.

Since feasibility at a single collocation point only

depends on the two optimization variables ṡi and ṡi+1

of appropriate contact phase, no changes need to be

made for the constraints formulated in (16).

5 Iterative Learning Uncertainties

The second stage of our method is an iterative learn-

ing technique for improving confidence intervals given

execution feedback. A conservative estimate of friction

and execution errors could overly constrain the problem

and generate a very slow motion, while an optimistic es-

timate could cause execution failure. To approach the

“sweet spot” we present two methods. The first method

uses binary success/failure feedback to perform a bisec-

tion search on a chosen modeling parameter, (e.g., fric-

tion). Bisection continues until a desired convergence

threshold is reached. This approach is most suitable

for unobservable parameters like friction. The second

method incorporates feedback on execution velocity and

acceleration to measure confidence intervals more accu-

rately.

5.1 Bisection Search on Friction Coefficient

Ideally, the optimized trajectory should move the blocks

as fast as possible without tipping them over, but this

is difficult to achieve due to modeling uncertainties. In-

stead, what we can achieve is to produce an trajectory

that is ε-near the time-optimal trajectory, where ε-near

implies that the generated trajectory can be executed

successfully, while executing the trajectory sped up by a

factor 1+ε fails. Here ε controls how close the generated

motion approaches the true (unobservable) feasibility

boundary of the fastest possible motion. A smaller ε

indicates faster executions with lower margin of error,

at the expense of more learning iterations.

Beginning from the initial confidence interval on the

parameter of interest, a bisection search is conducted to

find a lower bound that is nearly optimal according to

the speed-up parameter ε. We apply this to the coef-

ficient of friction (COF). In manipulation it controls

the perpendicular magnitudes of the contact forces and

therefore affects the maximum accelerations applied on

the object. It is also a difficult parameter to estimate

accurately without specialized sensors.

The bisection search method (see Alg. 1) works by

setting upper and lower bounds, µupp and µlow, on the

COF value µ and optimizing the problem formulated in

(16) with µ. With the assumption that the execution is

relatively accurate or the error is negligible, we set the

acceleration confidence interval to be empty, namely

q̈low = q̈upp = 0. The optimized motion is executed,

and if it fails (blocks tip over or shift largely beyond

a predefined threshold), then we update µupp with the

current COF value µ and repeat. Otherwise, we update

the lower bound on µ. We then execute a sped-up ver-

sion of this trajectory. If the sped-up execution fails,

then we have converged successfully to a ε-near opti-

mal trajectory. We can also terminate if the difference

between upper and lower bounds becomes less than a

given tolerance δ (δ = 0 is an acceptable value).

Algorithm 1 Bisection Search for COF

µlow ← 0, µupp ← µinit

while µupp − µlow > δ do

µ← (µlow + µupp)/2
traj← RobustOptimize(µ)
if Execute(traj)= Success then

traj′ ←Speedup(traj, 1 + ε )
if Execute(traj′) 6= Success then return µlow
else

µlow ← µ

else

µupp ← µ
return µlow

5.2 Iterative Learning with Robust Optimization and

Binary Search

To consider errors on both parameter estimation and

execution, we modify the binary search method for the

modeling parameter in Sec. 5.1 by adding an inner loop

that learns and bounds execution disturbances via tra-

jectory feedback.
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To some extent, näıve introduction of measured con-

fidence intervals into optimization can compensate for

these disturbances. However, we have observed that

many disturbances are trajectory-dependent (e.g., speed-

dependent control errors, air resistance, etc.) Again we

find that conservative estimates of errors e with a large

standard deviation ∆ lead to slower optimized trajec-

tories. Hence, our method learns characteristic distur-

bances during the iterative learning phase.

Our approach optimizes the trajectory with confi-

dence interval [q̈low, q̈upp] from the last iteration, and

update this confidence interval from the current exe-

cution feedback. This process repeats until the confi-

dence interval becomes stable. Here stability is judged

if the differences between each endpoint of the con-

fidence interval for the last iteration and the current

one become falls below a threshold. To estimate a per-

trajectory confidence interval, we assume that for each

time step the disturbance arises from a Gaussian noise

model N(U,∆2).

Our algorithm Iterative Learning with Robust Opti-

mization and Binary Search (ILROBS) is shown in Alg.

2. The input K (used in Eq. (9)) is a user-specified

parameter indicating the desired number of standard

deviations of disturbances to which the model should

be robust. In other words, the expected likelihood of

success Φ(K) where Φ is the cumulative distribution of

the standard normal distribution; and so K should be

chosen according to the 68 - 95 - 99.7 Rule [6]. After

each execution the algorithm computes the noise model

N(U,∆2) from q̈exc − q̈plan. These are then used to de-

termine the acceleration confidence interval according

to (9) for the given K.

The challenge in this algorithm is to guess whether

a given execution failed due to an overestimated fric-

tion coefficient or an unlucky disturbance (or contrari-

wise, succeeded due to random luck). In the former,

the COF estimate should be lowered, and in the lat-

ter, further execution feedback may be needed to ac-

curately estimate the probability of success. If we have

observed that a given trajectory has succeeded all of

Ne(K) = d1/(1− Φ(K))e times, then we believe the

success rate is at least Φ(K). So, if any one of them

fails, we bisect.

6 Experiments

We first test how the number of collocation points af-

fects the computation time. And we also conduct two

experiments corresponding to the two situations intro-

duced in Sec. 5. SNOPT [10] was used for solving the

outer optimization problem and the GNU GLPK li-

brary [11] was used for the inner linear program. The

Algorithm 2 ILROBS (K)

µlow ← 0, µupp ← µinit

U ← 0, ∆← 0
while µupp − µlow > δ do

µ← (µlow + µupp)/2
Set q̈low ← U −K ·∆ and q̈upp ← U +K ·∆.
traj← RobustOptimize(µ)
for i = 1, . . . , Ne(K) do

result← Execute(traj)
if result 6= Success then

µupp ← µ

Estimate U and ∆ from executions.
Return to outer loop.

Estimate U and ∆ from executions
µlow ← µ

return (µlow, U, ∆)
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Fig. 3: Computation time versus number of time-

domain collocation points for the two-block waiter task.

computation was carried on a laptop with 2.9GHz pro-

cessor and the time for trajectory optimization for all

the physical robot experiments are within 10 seconds.

6.1 Computation Time vs Number of Collocation

Points

The number of constraint checking points decides how

many constraints must be evaluated and therefore af-

fects the speed of optimization. We test the change of

computation time in terms of the number of collocation

points for the example of moving a stack of two blocks

(Fig. 1, right). With 8 contacts points for the stack of

two blocks, the computation time is shown in Fig. 3 for

different number of collocation points. To keep compu-

tation times below 10 s per iteration, 200 collocation

points are used throughout the following experiments.
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Fig. 4: The contact surfaces are wrapped with sand pa-

per. One block and a stack of two blocks are placed on

the plate shown on 2nd and 4th picture respectively.

Iter µ Time(s) Rslt Spdup µupp µlow
1 1 3.229 F 1 0
2 0.5 3.232 F 0.5 0
3 0.25 3.704 F 0.25 0
4 0.125 5.237 S S 0.25 0.125
5 0.1875 4.276 S F 0.25 0.1875

Table 1: Binary search on COF according to Alg. 1 for the ex-
ample of moving a stack of two blocks. Time column indicates
execution time of optimized path. With ε = 0.05, the COF
converges on an ε-near optimal trajectory with µ = 0.1875 as
in the highlighted row (i.e., speeding up the motion by 5%
tips over the blocks).

6.2 Binary Search COF with Hardware Execution

To study the effect of friction uncertainty, the Stäubli

TX90L industrial manipulator is used. A RobotiQ hand

is installed on the manipulator to hold a plate with

blocks on it. We wrap the contacting surfaces between

blocks and plate with sand paper (Fig. 4). The COF

is roughly estimated as µ = 1 by tilting the plate with

the block on it and checking the inclination at which

the block starts to slide.

First, the optimized trajectory with µ = 1 was too

fast during execution on the physical robot, causing the

objects to slide in the one-block case and to wobble

and fall over in the two-block case. Next, we applied

the binary search method on COF to compensate for

the un-modeled uncertainties which caused execution

failure. Table 1 lists the binary search parameters for

the two-block example. After five iterations it yields

an ε-near optimal value for COF and Fig. 5 shows the

snapshots of the final motion execution.

We note that the converged parameter value µ =

0.1875 is less than a fifth of the empirically determined

value of µ = 1. This is because the COF parameter acts

as a proxy for all other un-modeled uncertainties, such

as low-level controller errors and estimation errors in

center-of-mass, contact points, etc. It is important to

note that, the converged execution time of 4.276 is not

far from the optimistic time of 3.229. This is because

the optimization slows down the trajectory only in the

portions for which friction is the limiting constraint.

Fig. 5: Snapshots of executing the motion generated

from Alg. 1 for moving a two-block stack.

6.3 Iterative Learning with Robust Optimization in

Simulation

In the second experiment, we introduce random dis-

turbances during execution, and incorporate trajectory

feedback into optimization as described in Sec. 5.2. Be-

cause it is difficult to inject random disturbances to a

real robot in the lab, we use a simulator for these exam-

ples. A rigid body simulator based on Open Dynamics

Engine using a PID controller with feedforward gravity

compensation torques [15] is used to track the planned

trajectory (t, q, q̇).

This example introduces both random disturbances

and errors on model parameters. The optimization’s ini-

tial COF estimate is 1, while it is set to 0.5 in simula-

tion. The uncertainties in trajectory execution are sim-

ulated by introducing random forces on the robot. A

random horizontal force Fdisturb = (x, y, 0) with x and

y subject to a Gaussian distribution N(0, 2) (in New-

tons) is added to the tray at each simulation step (see

Fig. 6).

The results of each outer loop of Alg. 2 are listed

in Table 2. Here we run the algorithm with K = 1

(corresponding to a success rate of 68%). Success ratios

are estimated via 100 Monte Carlo trials. After 6 itera-

tions, we learned the COF and a confidence interval of

acceleration error that achieves a success rate of 74%.

7 Extension to Multi-Parameter Learning

We now present a generalization of the iterative bisec-

tion method to handle multiple uncertain parameters.



10 Jingru Luo, Kris Hauser

Fig. 6: In simulation tests, random horizontal forces

with 2 N std. dev. are introduced on the tray at each

simulation step.

Iter µ Time(s) Ratio(%) µupp µlow
1 1 1.88 0 1 0
2 0.5 2.20 0 0.5 0
3 0.25 3.09 100 0.5 0.25
4 0.375 2.52 98 0.5 0.375
5 0.4375 2.30 74 0.5 0.4375
6 0.46875 2.28 16 0.46875 0.4375

Table 2: Outer iterations of Alg. 2 for the one-block waiter
task in simulation. Time column indicates execution time of
optimized path. With K = 1, δ = 0.05, the algorithm con-
verges in 6 iterations.

For example, both the center of mass and the friction

of a held object may be unknown, or a walking robot

with multiple limbs in contact may have uncertain fric-

tion for each limb. We assume each of these parame-

ters is not directly observable; observable uncertainties

such as acceleration errors can simply be bounded as

demonstrated above. Instead, we only observe a boolean

feedback about whether the execution of the robustly

optimized trajectory succeeds or not. Like in the case

of friction, we make an ordered uncertainty assumption

in that execution conservativeness is monotonic in each

uncertain parameter value.

To estimate a single parameter, boolean feedback is

sufficient to narrow down the confidence interval via bi-

section. But for multiple parameters, it is unclear from

the outset whether it is possible to correctly identify the

cause of an execution error. For example, one parameter

may be set optimistically and another pessimistically,

and the algorithm should use the failure/success signal

to adjust the confidence intervals of both parameters

correctly.

We present three multi-parameter learning algor-

ithms based on a branch-and-bound search, with in-

creasingly sophisticated heuristics to learn with fewer

execution examples. To perform each optimization step

Fig. 7: Snapshots of moving a block under disturbances

in simulation.

we use the robust time-scaling method as presented in

Section 4.2.

7.1 Problem Formulation

We formalize the multi-parameter, ordered uncertainty

learning problem as follows. Let θ = (θ1, . . . , θk) be

an uncertain parameter, and let θact be the actual set-

ting of these parameters. Let P (θ) be the optimization

problem solved under parameter estimates θ. We as-

sume that we have a initial confidence hyper-rectangle

H = [a1, b1]×· · ·× [ak, bk] containing θact, and that the

problem family satisfies some monotonicity conditions:

1. If θ ≤ θ′ element-wise, then the optimized cost for

estimates θ is lower than that of θ′.

2. If θ′ ≥ θ element-wise, then a successful execution

of θ implies successful execution of θ′.

3. There exists a feasible solution to the most conser-

vative optimization P (b1, ..., bk), and the execution

of this solution is successful.

Informally, these say that optimized trajectories for pa-

rameter estimates closer to (a1, . . . , ak) are less conser-

vative and those closer to (b1, ..., bk) are more conser-

vative.

More precisely, condition 1 can be stated as f?(θ) ≤
f?(θ′) for all θ ≤ θ′ where f? is the optimized cost given

some parameter estimate. Condition 2 can be stated

that g(θ) =⇒ g(θ′) for all θ′ ≥ θ where g is a predicate
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Fig. 8: Illustrating the multi-parameter learning prob-

lem. The search space is the multi-parameter hyper-

cube, and the shaded region is the subset for which the

optimized solution leads to a failed execution, g(θ) =

false. We wish to minimize the optimal cost function

f?(θ) (contour lines shown) such that the optimized

solution is executable.

giving the execution feasibility of the path optimized

given some parameter estimate. Condition 3 states that

f?(b1, . . . , bk) <∞ and g(b1, . . . , bk) = true.

Formally, we wish to develop a learning procedure

that converges toward the optimal value:

θopt = arg min
θ∈H

f?(θ)

such that

g(θ) = true.

(21)

It is also beneficial to minimize the number of evalua-

tions of g because each evaluation requires the robot to

execute a trajectory.

Note that if the optimization model is a correct

model of the physical world, then θopt = θact. In gen-

eral, however, the model may differ and hence they may

be unequal.

Without loss of generality let us assume the domain

is a unit hypercube; arbitrary hyper-rectangles can be

converted to the hypercube through scaling and transla-

tion. A visualization of a 2-parameter learning problem

is given in Fig. 8. The contour plots depict level-sets

of optimal cost surface f?(θ), while the shaded area

shows the set of infeasible executions. Note that both

are monotonic in each parameter according to the above

assumptions.

7.2 Basic Branch-and-Bound Method

The branch-and-bound search method proceeds con-

structs a sequence of increasingly fine boxes H0 = H,
H1,H2, . . . such that the maximal (most conservative)

Fig. 9: (a) Search nodes in the proposed (basic) branch-

and-bound method are hyper-rectangles. Parameter

vectors for which optimization is performed are indi-

cated in yellow, those that are successfully executed

are drawn in green, and those for which execution fails

are drawn in red. Highlighted circles indicate expanded

nodes. The round-robin dimension selection technique

is shown here. (b) A search tree for the basic method,

with expanded nodes highlighted. (c) The greedy di-

mension selection method yields fewer search nodes.

point of each box is feasible and converges toward θopt.

The method provided here is different from standard

branch-and-bound techniques because it solves a con-

strained optimization problem where the constraint is

expressed in “black box” form, i.e., provides only boolean

“in” or “out” feedback. It also uses the monotonicity as-

sumptions of the problem to quickly determine bounds.

The basic method is illustrated in Fig 9. It main-

tains a search tree of boxes, and at each iteration, the

following steps are performed:

1. A box Hk is chosen from the search front for expan-

sion.

2. The solution x?(θmax) at its maximal point θmax
is computed, executed and tested for feasibility (in

other words, we evaluate g(θmax)). If it fails, we

continue from Step 1.

3. Subdivide the box along some dimension, and add

child nodes to the search tree. A basic method for

selecting the dimension uses a round-robin method

(Fig. 9(a,b)).

We order boxes by increasing cost of the optimized so-

lution at their minimal points f?(θmin). The algorithm
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is run until no nodes have minimum cost greater than

ε plus the cost of best parameter setting found so far.

The most relevant complexity measure of such an al-

gorithm is the number of optimization invocations and

the number of execution trials. Optimization is run at

most twice per generated node, while execution is run

at most once per expanded node.

Suppose the finest resolution of leaf boxes is εθ.

Then, the final depth of the search tree is k log2 εθ. In

typical cases, the search proceeds essentially in greedy

fashion toward the optimum. Thus, the algorithm per-

forms O(k log2 εθ) executions and optimizations.

An alternative search strategy is a greedy method

that selects the splitting dimension adaptively by run-

ning k different optimizations and picking the split that

leads to the greatest decrease in the cost function. This

has the effect of reducing the function value faster than

round robin. However, for each search node it runs k

optimizations. This multiplicative factor of k is usu-

ally worthwhile because optimizations are often faster

than repeating a physical experiment. The result is il-

lustrated in Fig. 9(c).

However for both the basic and greedy algorithms,

the worst case complexity is exponential in atypical

cases where the optimal level set aligns with the con-

straint boundary. In these cases, the algorithm may ex-

plore an exponential number of nodes, O((1/εθ)
k−1),

because the constraint boundary has dimensionality k−
1 and the algorithm will cover the surface with leaf

nodes.

7.3 Informed Multi-Parameter Learning

When the number of uncertain parameters k is large,

even greedy dimension selection may require an exces-

sive number of optimizations and executions to get close

to an optimal solution. This section presents a method

that uses the structure of the optimization problem

to better inform the learning sequence. In particular,

it efficiently identifies the (hopefully small) subset of

relevant parameters based on the optimization feasi-

bility constraints, and suggests informative parameter

settings based on that subset. This strategy improves

convergence rate beyond bisection, and in many cases,

the method can achieve convergence within O(log2 ε)

execution trials.

The basic principle behind the method is as follows:

if an uncertain parameter does not affect a constraint

that is active at the optimal solution of the underlying

optimization problem, then changing that parameter

(by a small amount) will not affect the optimal solution,

and hence the executed path will be the same as before.

Fig. 10: The humanoid robot path taken in the multi-

parameter learning example.

Based on this principle, we reduce the branching fac-

tor of the search by splitting on only the dimensions of

uncertainty that affect the active set. Non-active dimen-

sions are irrelevant and do not need exploring. To do

so, after a trajectory x = x?(θmax) corresponding to the

maximum point on a given hypercube Hi is successfully

executed, we consider which subset of Hi would cause

x to become infeasible. Since each uncertain parameter

affects some set of optimization constraints, the sub-

hypercube Hinfeas ⊆ Hi that may create infeasibility

can be easily determined by sweeping the each param-

eter along its range in Hi until it causes x to become

infeasible. For irrelevant parameters, this range will be

empty. For constraints on the active set, this range will

be the entire interval spanned by Hi. We then shrink

the node’s bounding box to Hinfeas and then choose a

dimension to split as chosen by the greedy strategy.

7.4 Simulation Experiments

We tested the above method on a 4-parameter learn-

ing problem for humanoid robot moving under the zero

moment point (ZMP) constraint. A geometric path, il-

lustrated in Fig. 10, is generated for the Hubo+ robot

to transfer weight from one foot to the other. The cen-

ter of mass starts in the center of the support polygon

of the robot’s right foot and is transferred 1.5 cm away

from the edge of the robot’s left foot. Here, a physics

simulation stands in from the real world.

The ZMP condition is a widely used balance crite-

rion for dynamic bipedal walking on flat ground. The

zero moment point is the point on the plane at which
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Fig. 11: Left: with the originally estimated support rect-

angle, the optimized ZMP path leaves the true sup-

port polygon during execution. Right: with a shrunken

(more conservative) rectangle, the ZMP path leaves the

planned rectangle but stays within the true support

polygon.

the torque about the contact wrench is zero:

ZMPx = cx − c̈x(cz − hg)/g
ZMPy = cy − c̈y(cz − hg)/g

(22)

where c is the center of mass position, hg is the height

of the ground plane, and g is the gravitational acceler-

ation. This equation assumes that the center of mass

moves horizontally, i.e., the height cz is held constant.

The ZMP criterion states that the ZMP must stay within

the support polygon throughout the trajectory.

The learner has several sources of error:

– It is given as input a support rectangle that over-

approximates the “true” support polygon. (We put

“true” in quotes because the ZMP-in-support poly-

gon criterion is an oversimplification of the simula-

tion engine’s contact physics).

– It assumes perfect execution of the path with no

actuation errors, while the simulation emulates ser-

vomotors with PID gains and joint friction.

– It performs dynamic constraint checking at 100 col-

location points, while the simulation time step is

1 kHz.

The four uncertain parameters are the four margins

of the support rectangle’s edges, and are given error

ranges of up to 4 cm (Fig 11). Here the x axis indicates

the robot’s forward direction. With the most optimistic

estimate (no error) the ZMP trajectory leaves the true

support polygon, and with the most pessimistic esti-

mate, the ZMP trajectory stays inside, but takes 2.41 s

to execute. Using the proposed informed approach, a

better solution was learned after 61 optimizations and

10 executions (Fig. 12). The resulting margins, listed

in ccw order from left, are 4 cm, 4 cm, 2.125 cm, and
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Trial 9
Trial 10*
Trial 11*

Fig. 12: Learning the support polygon. Note that only

the right and top margins are adjusted after the first

feasible execution. Iterations marked with * indicate

successful executions.

3.75 cm. Note that the method ignores learning the left

and bottom edges because they are irrelevant to the

feasibility of the executed path. The learned path exe-

cution time is 1.86 s.

8 Conclusion

This paper presented a fast time-scaling optimization

method for generating time-optimal, dynamically feasi-

ble trajectory along a given geometric path for a robot

in contact. By carefully formulating the problem as a

non-linear optimization with the contact constraints as

a linear program, we reduced the problem size and are

able to solve the problem quickly (in seconds).

We apply this method to manipulation and loco-

motion problems under contact, and we present algor-

ithms to handle the modeling and execution uncertain-

ties by incorporating execution feedback. Our experi-

ments demonstrate that the combination of optimiza-

tion and uncertainty learning can generate motions that

i) are near-optimal in the presence of modeling errors;

and ii) can be executed multiple times with a success

rate that depends on a user specified parameter.

There is substantial room for future work. First, we

hope to consider other sources of error, such as inertial

parameters of objects. Second, we consider all model-

ing parameters to be decoupled, and future work should
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address coupled effects, such as uncertainty in the L2-

norm of a parameter vector. Another source of infor-

mation that could be used is the time of a detected

failure, which could help identify which constraint er-

rors are likely to have caused the failure, and hence

may allow the method to learn more quickly. We hope

to extend our method to optimize trajectory shapes in

addition to timing. Finally, a weakness of our method

is that it requires that a trajectory be executed sev-

eral times from the same initial conditions with multi-

ple failures, whereas for many applications failures are

costly and restarting is tedious. Producing an on-line

learning approach that avoids execution failures with

high probability would be an interesting extension.
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Appendix

Here we derive the formula for the derivative of the

objective function of an inequality-constrained LP with

respect to changes in the constraint RHS. Consider the

LP

min
x
cTx such that Ax− b(t) ≤ 0. (23)

By the first-order KKT conditions, the optimal solution

satisfies

c+ATµ = 0

Ax∗ − b ≤ 0

µT (Ax∗ − b) = 0

µ ≤ 0

(24)

where µ is the vector of KKT multipliers (unrelated to

the friction coefficient) and x∗ is the optimal solution.

If the LP is bounded, x∗ lies at a corner point of the

feasible region, and is defined by active constraints with

Aix
∗ − bi = 0 and µi < 0. Denote Â and b̂ respectively

as the matrix/vector containing the rows of A and b

corresponding to active constraints, and let µ̂ be the

set of active multipliers. Then the equations

c+ ÂT µ̂ = 0

Âx∗ − b̂ = 0
(25)

must be satisfied, with Â an invertible matrix. Hence,

x∗(t) = Â−1b̂(t), and d
dt (c

Tx∗) = cT Â−1b̂′(t). Since

µ̂T = −cT Â−1, we obtain

d

dt
(cTx∗) = −µ̂T b̂′(t) = −µT b′(t) (26)

as desired.
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